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PART I. THE THEORY

1. Introduction. In a recent notet on Circular plates of variable thickness,
Professor Birkhoff points the way to a new method in the theory of elasticity.
Cauchy] treated the case of variable thickness, but like Poisson§ he assumed
the displacements developable in ascending positive integral powers of the

* Presented to the American Mathematical Society, February 24, 1923. See also Comptes
Rendus, vol. 177, No. 20, Nov. 12, 1925.
tPhilosophical Magazine, ser. 6, No. 257, May, 1922.
I Exercices de Mathématique, vol. 3 (1828), pp. 277-284.
§ Memoir of 1828. Cf. also Todhunter and Pearson’s History. vol. 1.
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344 C. A. GARABEDIAN (July

distance from the middle-surface. Saint-Venant* and others were quick to
observe that this assumption is quite untenable, and it appears that sub-
sequent investigations in the direction taken by Poisson and Cauchy have as
yet failed to reveal a suitable type of series development.i With reference to
the question here at issue, it may be said that the object of the present paper
is to present a powerful and direct method of series based upon the introduction
of the “natural” parameter ¢ employed by Birkhoff. The vital contribution of
Birkhoff’s note seems to be the notion of expansions in power series in ¢.

A first exposition is simplified by assuming the conditions such that the dis-
placements take place in planes through an axis and are the same in all such
planes. The advantage of this assumption is that the differential equations to
be integrated are essentially ¢otal. Cylindrical codrdinates are adopted, with
the axis of z along the axis of the plate; and although the thickness is variable,
it is assumed that there is symmetry in the “middle plane” z = 0.} The
plate is taken to be homogeneous and isotropic, only slightly bent,$ and in
general thin.

Let the equations of the upper and lower bases of the plate be respectively

(la) z = a(r),

(1h) 2 = — a(r).

The method of series begins with the introduction of a parameter ¢ by means
of the relation

2) 7z = [t.
At the same time we write
3) alr) == a(r)t.

* De Clebsch, Théorie de I'Elasticité des Corps Solides, 1883, anunotated by Saint-Venant.
Cf. also Love, A Treatise on the Mathematical Theory of Elasticity, third edition, 1920,
p. 27.

+ As this paper nears completion, I find a note by E. and M. Cosserat (Comptes
Rendus, vol. 146, (1908), p. 169) which seems to be the most recent contribution to the
subject in hand. Although this note recognizes the fact that the displacements are functions
not only of the coordinates but also of certain geometric parameters, the writers deal only
briefly with the question of series developments. They investigate the character of the
displacements in the case of classic plate and rod problems, but in their method of attack
there is no suggestion of series developments of the type on which we base the systematic
treatment of the present paper. Messrs. Cosserat make no mention of plates of variable
thickness or of rods of variable cross section.

t We shall exclude from the present paper any discussion of plates not symmetrical
inz=0.

§ Love, p. 462.
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so that the equations of the bases may be written in the form
(4a) 7 = at,

(4b) 2= —at,

or, when convenient, in the form

(5a) {t = «

(5b) { = —a.

Our fundamental assumption is that all quantities involved which are
functions of  and 2z can be expanded in ascending powers of the parameter ¢;
in particular, that

(6a) Ulr,z) = Uy(r, D)+ Up(r, D+ Te(r, DHEE+ - - .
(6b) w(r,2) = wo(r. D+ w (v, Ot e (r, O+ - -,

where U and w denote the radial and axial displacements respectively.

Let us write a(r) = hf(r), a(») = 5 f(r), where i = gt is a constant
multiplier. If f(r) = 1, we have the special case of constant thickness:
a = h, « = 5. With this notation, it turns out that the coefficient of "
in (6a) or (6b) is a homogeneous polynomialt in { and 5 of degree n; that is,
when the return is made to the original variable, the terms are homogeneous
polynomials in 2z and % ordered according to degree. The coefficients are
functions of » and the fixed radii of the plate, of f and its derivatives, and of
the elastic constants and applied tractions. The manner in which these argu-
ments enter is of no immediate concern, but it should be noted that the
requirement of homogeneity in { and 4 places a very definite restriction upon
the manner of occurrence of f and its derivatives. We shall find occasion in
the sequel to make further comments with reference to the structure of our
formulas.

The ¢ plays a role analogous to that of the parameter in the definition of
homogeneous function. Although a physical interpretation of transformation (2)
is not immediate, there is suggested the picture of a “plate of reference”
whose bases have the equations (5) and whose thickness is controlled by
means of the parameter £. Or we may think of (5) as fixed, in which case the

+.8ee the examples of Part II.
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plate (4) has its thickness determined by #, and upon proper choice of ¢
becomes the given plate.

The assumption of Cauchy and Poisson of developability in powers of 2
alone involves suppression of terms in the geometric parameter 2. The intro-
duction of the parameter ¢ furnishes a method that incurs no loss of terms;
and when the parameter ¢ has served its purpose, it may be suppressed by
setting ¢ = 1 and replacing the Greek letters { and 7 by 2 and %, respectively.

We shall find it convenient to hold in abeyance the energy integral and
calculus of variations method employed by Birkhoff. and proceed directly from
the fundamental equations of elasticity. We take the point of view of pre-
scribed pressures on the faces of the plate, and compute the displacements.
This type of problem will require that the coefficients in the formulas of dis-
placement be so determined that

(i) the body forces have the required values,

(ii) the surface tractions on the bases are as prescribed,
(iii) the boundary conditions at the edges are satisfied.

Our procedure is to be entirely in accord with the accepted elastic theory,
as set forth, for example, by Love. Requirements (i), (ii), and (iii) are charac-
terized by the usual equations, except that from our point of view they
become identities in ¢{. That which is new is () the method of proceeding
from these equations to the actual solution of a problem, and (b) the appli-
cability of the method to plates of variable thickness.

As a matter of notation, it is convenient to introduce an operator defined
as followst:

1
,.

9
L J— I ')
(Ta) ’ A = Py (r4),

1 In the literature (Love, p. 202) one finds the Laplacian operators

_ 82 2
Ba) vi= ?‘}'—a;z—.

. 84 a‘ . ai )
(8b) V'f-—-w—i'a—y."f'?W,

when A4 is a function of » only, where »* = x?+ %2 it may be verified that

9a) pid = 4",
1) pia = 4
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Here the subject of operation is in general a function of both » and ¢, and
the accent denotes differentiation with regard to ». The functions that involve
both » and { turn out to be polynomials in {, and consequently the operator
and symbol of differentiation are attached ultimately to functions of r alone.
Since the operator and the sign of differentiation occur frequently in alter-
nation, we write ([(4*)']*)’ in the more compact form: A*'*’. For reference
we note also the formulas

(10a) (AB)* = A*B+ AB

(100) = AB*+ A'B = (BA)*.
In integrating an equation of the type
(11a) A = f(r),

we make use of the form of definition (7 a), and writet
ldp djl d 14_)} — £
(113) r dr [r dr L dr (r ar ] = S,

from which 4 is readily found by a succession of quadratures. For example,
the solution of

(11¢) A* - B
is

11d a=Lfomart,

C being a constant of integration.

Just as we speak of differentiating or integrating a function, it is useful
to say that we “star” a function by multiplying by the independent variable,
differentiating, and dividing by the independent variable; likewise, that we
““anti-star” a function by multiplying by the independent variable, integrating,
and dividing by the independent variable.

The object of the present paper is to develop enough of the formal machinery
involved in our method to enable us to treat some important and interesting
applications to plates meeting the requirements of symmetry already outlined.
We shall consider first some cases of uniform thickness, in order both to check

+ Clebsch, p. 735.
25



348 C. A. GARABEDIAN [July

with the classical results and to gain familiarity with the details of the
method from a formal viewpoint. Secondly, we shall give concrete examples
sufficiently illustrative of the applications to plates of variable thickness.

What new light this program may shed upon the theory of circular plates
of constant or variable thickness remains to be seen. We proceed at once to
a systematic treatment along the lines indicated.

2. The body force and surface traction conditions. Using the star
notation, the body force conditionst are given by

A+p 3w | w 3*U

o */ il [
24+2u 3%w Adtp 2U* I
(120) - “ T + f” oL + pu'* “ —oF;.

Here the displacements U and w are given by (6). To simplify matters, we
shall later take the body forces to be nil, but in general ¥, and ¥, are assumed
developable in suitable power series in ¢ of type (6). The relations (12) are
identities in #, and the fact that coefficients of like powers of # are the same
gives us our first hold on the coefficients that enter in (6).

To gain compactness in later formulas, it is dasirable to introduce at once
the elastic constants E and o, denoting Young’s modulus and Poisson’s ratio
respectively.f For reference we note that

(34 +2p) A
(130) E=£822T28 S
o RN T SUFw
(135) 2 Lo E

T UFoa—20’ *~ 2049

The identities (12) may now be written in the form$

gy Low | 1—2003'U __  2(1+40)(1—20)eF,
2(1—0)d*w | 1 3U* e 201+ 0)(1—20)eF,
(14b) £ —3C2 + i "*—ac +(1—2o)w * -t—_ _ E .

t Love, p. 141.

{ Love, p. 101, § 69.

§ The equations (14) and (21) are divided by a constant factor as an aid to simplification
of later formulas.
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To derive the conditions for tractions applied to the faces of the plate, con-
sider a tangent plane at an arbitrary point (7o, 6o, 2,) of the upper surface,
z = a = ta, and denote by » the direction of the normalt taken positively
upwards. We describe the traction across the tangent plane to the surface
r = ro by means of its vector components (rr, 6r, zr), with a similar notation
for the tractions across the planes 8 — 6, and z = 2z,. The first letter shows
the direction of the component traction, and the second letter indicates the
plane across which it acts. The sense} is such that »r is positive when it is
a tension, negative when it is a pressure. When the components of the trac-
tion across the tangent plane are expressed in terms of the stress-com-
ponents across the planes normal to r, 6, z, we have

(15a) o= r?cos(r, v)+ﬁ)cos(0, v)—!—;;cos(z, v),
(150) oy — é?rcos(r, v)+55cos(0, v)+ @cos(z, v),
(15¢) o = arcos(r, »)+ 768 cos (8, v) + zzcos(z, ).

In cylindrical codrdinates, the stress-components are given in terms of the
strain-components and the displacements U and w as follows:§

(16a) rr = AA+2uen = AA+ 20T,

~ U
(16d) 06 — }'A+2."’eoe = Z'A+2,U/T,

~ 1 3w
(16¢) 22 = AA+2pe; = 1A+2M—t‘ I
(16d) bz — 26 — peg, = O,

oy = — (—l—ﬂ-l-w’)
(166) Zr == 12 == Mey =— M ¢ ag ’
(16.f) ';B = 6; = pe,y = 0,

+ Love, p. 76.

1 Love, p. 76. Cf. Love, p. 461, and also § 5 of this paper.
§ Love, p. 101, 141.
25¢
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where

1 3w
PR o € 0 T
A=U*+ TR
and U and w are given by (6).
Since the slope of the tangent to z = ta is ta’, the desired direction
cosines in (15) are

—ta 1
(17) cos(,.’v):_j—Vl___T;—y_-’—, COS(O;V)=O’ COS(Z,V)=—'I-/1—H;7'.

Let the applied tractions normal to the upper and lower bases be S and S,
respectively, where

(18a)
(18b)

§ = 8°+S't+ 8+
SV= So+Slt+Sﬂte+"')

the coefficients in these developments being functions of » only. By virtue
of (17) the radial and axial components may be written

—_ Qv '
(194) R —teS 8
] 2
Vifted Vitee
/
(19 b) R)/ - %, Z,, = —_Sy—’_.
Vited Vited

If the plate is of constant thickness, '=0 and R =R, =0, Z* = &,

Z,=S,.

We thus find for the surface tractions on the bases the identities

~ —tarr4or | —ta' S
(20a) v, — e L V&L =% 2 R,
= Vit t=a © Vi+e"
- tal;‘;—l-;;' ta' Sy
(200) v — termrar =_ 2% _ R,
1=—a } 1+ #2e" |t=—a’ Vl+t’a"
~ —ta' or 2z s”
(20¢) _ Ttearte =_ 5% 5
i=a Vit |t=a * Vit
20d) _ tdodaz S .
im—a V148e® |eeea® Vited”
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Recall that the sense is such that the applied tractions are tensions when
positive, pressures when negative.

Using formulas (16) and the elastic constants E and ¢, we have as final
forms for the surface traction conditions the following:

——2a{ (U*t+ )+(1—20)U’ }
(21a) _ —2(140)(1—20)t'S
C=a T E ’

+a—20{ 5 4w}

2 a {(U*t+ )+(1—2o')U’}

(21b) ( (
18U 2140 (1—20)ta'S,
1 0w
——a(l——2¢r){ +wt}+2oU*+Z(l—a)t ar
21¢)
_2(140)(1—20)8
* E ’
'(1—-2.;){ C+wt}+26U*+2(1— )1 Z’g(tba

(214)
2(14+0)(1—20)S,
b2 .

ull

3. Determination of formulas of displacement that satisfy the
body force conditions. The body force conditions (14) will determine the
coefficients in the formulas of displacement up to arbitrary functions of ».
Next the traction conditions (21) come into play to furnish differential equations
for the determination of these functions of »; and finally the constants of
integration are fixed by means of the boundary conditions at the edges.

To handle expeditiously the program just outlined, it is desirable to intro-
duce a notation. Let the equatlons obtamed from (14a) and (14d) by equating
coefficients of * be denoted by FP — 0, FP = 0, respectively. Thus the
body force conditions yield the equations

(22) m_—0,F" =0 m=—2—1,0,1,2...).
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By an obvious extension of this notation, the traction conditions (21a), (21b),
(21¢), (21d) may be said to yield respectively the equations

23) R® =0, Rpy=0,Z™ =0, Zpy =0 (n=-—1,0,1,2,...).

We are now in a position to proceed to the determination of the coefficients
in (6). The present paragraph is devoted to finding formulas of displacement
that satisfy the identities (14) under the assumption that the body forces F, F
vanish identically.

From the equations Fy 2 — 0, F{ ® = 0 we find
8’ Uo . B’wo _
@4) =0, ZE—o

Integrating, we have
(25a) Up = U+ Unt,

(25d) wo = wop + woa &,

where Uy, Uos, woa, wop are functions of » only, and are subsequently to be
determined by means of the surface traction conditions.

In general, the equations FY*™® — 0, "2 — 0 determine U, wy as poly-
nomials in §, with coefficients that are functions of the Uy’s, Uy's, wqs's and wy's.
Integration will introduce two new arbitrary functions of », and the coefficients
of all powers of { higher than the first will be known in terms of functions of »

previously introduced; for example:
(26a) Un = Ump+ Una § + (terms of higher order in {),
(26 ) Wn = W + Wwna & + (terms of higher order in {).

Finally, we note that the computation of U, will require that wn—1 and U,—:
should already have been computed, and that the computation of w, will
require the previous computation of U,—; and wy—s.

Before proceeding to (22), » = — 1, an important simplification of (25)
results if we first introduce the traction conditions (23), n = — 1. These
relations are found to be
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3Uo an

=D — —_ = ==
(27 a) R 8§ t=a O, R(—1) ac t=—a 0,
ow, ow
-1 — 0| - —_ 0 —
27b) V/ 3T lt—a 0, Z—y) 3L |t——a o,

and they require that Uss = wos = 0; in other words, the leading terms in
the formulas of displacement are independent of .
From FS™® = 0, FS™ = 0, we have

*?t, 1 Bwo
(28a) 50— 1—2¢ oL’

0w, 1 aUs
(283) acr  2(1—o) 8L’

but the right-hand members vanish, since Uy == U and wy = wop are func-
tions of » only, and we find

(29a) U = U+ U,

(29b) w1 = wip+ wia L.

Before proceeding to the computation of U; and ws it will simplify matters
to consider the traction conditions (23) for » =0. To deal conveniently with
these and subsequent traction equations, we introduce a further special
notation. Add equations (21a) and (21b), and denote by R* = 0 (without
parentheses enclosing the superscript) the equation obtained by equating
coefficients of ¢* in the resulting equation; similarly, let R, = O denote the
equation obtained by equating coefficients of ¢* in the equation which results
when (21b) is subtracted from (21a). Finally, let Z* = 0 and Z, = 0 denote
analogous equations derived from the sum and difference, respectively, of
(21¢) and (21d). The surface traction differential equations (23) become

(30) =0, Rh=0, Z*=0, Z,— 0 (n=-—1,0,1,2,...).

We have already disposed of the case n = —1; and since R® =0, R, =0
require that

(31) + wo = Uia+ wos = 0,
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we have directly
(31d) Uia = — wop,

and there is no advantage to be gained by computing R°= 0, R, = 0. But
for Z® = 0, Zy = 0, we find

_— 0
(32b) Wig = —Vlio' Us; + (1+(0'1)(—10—;z'6) So :

and these results are more concisely given by Zy=0 and Z°= 0, namely
(33a) S0 = §,,

+0)(1—20) S
(1—o)E ’

o 1
(336) Wig =— ——1-2-;‘ Uob + (

where S = S, = S. We note that a tension or pressure to be of as low
order as ¢° must be the same on both bases. Indeed, we shall find that the
difference between the applied tractions on the two bases is of order ¢,
or else nil.

We turn next to F® — 0, FY — 0, and find

1 - l—o .,
(84a) U = Up+ Ul — F(1—24) e & — 1e9s Us L%,

— w0 £ — e UR L — LT2T e
(34b) Wy = wap + waa § i1=0 Ui (1= vt

To simplify these results, we have at our disposal (31b) and (33b). If we
further restrict S§ (in general a function of ») to be a constant,t it follows
from (33d) that

(35) wha = —-"— Ui,

1 It should perhaps be remarked at this point that the restrictions imposed in the present
paragraph are not such as to obscure the method of procedure in the general case. Our aim
is not so much to be exhaustive in treatment as to cover adequately a number of sufficiently
suggestive cases.
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and we may write (34) as follows:

2—

~ =0 ) %8

®86a) U= Unp+Unti
(36b) we == w2b+w24 C + 2(1 0') C’

Turning again to the traction conditions, we findt for R = 0, R, = 0

(37a) wip + Uz = 0,

Uob] (1+«r)(1—2a)88a'.

37h) ‘ot [Uo,, to =

By means of (37 a) we eliminate Us, once for all; (37d) is the first of a system
of differential equations which we shall study separately in the following

paragraph.
For Z, = 0, Z' = 0 the results are, respectively,

(38a) St= 8§,

(1+0)(1—20)S1
(1-—e)E ’

(385) wa — —— U+

where 8' = §; = SI.

We here introduce a further restriction,f and set S; = 0. Indeed, in
prescribing the load we propose to consider only three cases of tractions
applied to the faces of the plate, namely

@ 8 =8,=0,
(ii) =8 =8,
(iii) § = 88, 8, = 0.

+ We use (33), and the fact that 8 = 0.
 This is no restriction physically, for we are prescribing the load.
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This means that all the S’s, that is, coefficients in (18), vanish identically
save S and S°, and it will simplify the presentation to have these facts before
us at the outset.

If S; = 0, we have, from (38b),

(39) Wog == —

T—o Ul;

and recalling (37a), it is clear that both Us, and wa, may now be eliminated
once for all. Bearing this fact in mind, and making use of (35), we have for
® — 0, F” = 0 the following simplified forms:

400) Uy = UntUsal — 5 (—rgy Ul U oy ' 8

Wyt T gy,

(40b)  wy = we+ wsa & + 5+ 6(1— o)

2(1 1—o)

Finally we note also that Z; = 0 gives S* = S,, using (37a), and we set
=8, =8 =0.

In this paragraph we consider no further traction equations; indeed, the
later differential equations become rather involved, and we devote a separate
paragraph to their systematic treatment. We have attained our object; namely,
to obtain in the formulas of displacement such simplifications as are possible
without restriction upon the applications. Aside, then, from the traction
conditions already employed, we confine ourselves to body force equations
only, and thus obtain general forms for U and w that satisfy (14) formally.
These play so important a role that we record them below through the
terms in #5:

@la) U — Uot (Un—uin T+ | Un— it — gy o5 U | &
[Vt Vb= 5 U U iy 8] £+ [V 4 Viad
———1——w' ;2__1: Uy 4 —— 2o W

2(1—20) 7% 1—2 6(1—o) %

3 *1 k1 1 2
+ W—) Uss C‘] t+ [U5b+ Uwﬁ—m—a—)w«ml



1923) CIRCULAR PLATES 357

_._1_:!_U8‘$' 2 3—20¢ Mca

__3—20 I T
1—2¢ 12(1—o) % + — )“’”""

12(1
_3_——_0__ %1 4____3____2____ P10r 55| 45
+24(1—a) ' 120 (1— o) % g]‘

1 2 1 8 ___ 2 8
+[Ueb+anC——(—“—~2—) Wha §*— U § —1?(—1‘—7 i §

._.__1‘_..___ %y 8 Ty 4 20
+ 12(1— )‘”“bg 12(1 )“"’“c 24(1 20)

.___3___—_0____ '*'*' 65 4—o0 *11%0 56 | 48
B0i—o) B & a0 0% gt s

(410) w=wo+|we+ wallt+ [W2b — U1b§+ 2(1 =) wOsz]

+ [+ o b+ gy Wi+ 6(11+" 5 U 2]+ [t wia

1 g 1—20 i 1+¢7 ifadad
— T U Ta— oy B ey U8TE

_14a

whi e | ¢ __.-__]L___.._ * F2
Tui—a¥ C]t +[w5b+waa§‘ 11—=9) Uil

1— 20 g 1k 5y 1 T kI%
Iy Bt sy B T g U &

1+0 '*'* 2+0 *'*’*
—ua—o ¥ Ta—0) U® 2]+ [uno + ana &

1 «

T 4(1—0) Usa £ — 4(1 )“"“’C’ 3(1—20) wia £
1 * % 1 %k 1% a

o= ¥ Ct g % —ma=o"

I*'* ;4

2 + a I*,* 2 + g (£3IL3L3
T —oy U8 &t I3 —0oy “® ge]tuf‘”
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4. Four systems of differential equations obtained from the sur-
face traction conditions. In the preceding paragraph, the surface traction
equations (30) were disposed of for the cases » =— — 1 and n» = 0; we made
use also of the equations R' = 0, Z' =0, Z; = 0, Z; = 0. The remaining
differential equations are considered in the present paragraph.

The differential equations (30) are total, » being the independent variable.
Furthermore, the equations are linear, with coefficients that are functions of «,
and for plates of uniform thickness these coefficients are obviously constants.
The functions of » that are arbitrary in (41) are determined by these differential
equations up to the constants of integration.

When the smrface traction differential equations are written out in full, it
is found that they fall naturally into four systems according as they involve
the unknowns U, Uss, wop, wip. The facts with reference to the equations and
unknowns which enter in these four systems are given in the following table:

P Number
unctions of equations
System Equations .
W=1,2,...,m. | O functions
m=0,1,2,...
R"‘-H::O) ”=011721"'ym; U“;
Un 2m 41
2 =0, n= 1,2,...,m. Usn.b; Winisia.
R’H.:———'-O, n=0,1,2,...,m; Ulb;
Un 2m+1
=0, n= 1,2,...,m. Usnjr1p; Winisa.
Rt =0, Wop s w;n+l,b + U:-H.a,a;
Wop n=20,1,2,...,m. 2m +2
Zanys =0, Wenp; Unita.
R =0, W5 Wimiss + Usmigai
Wi n=20,1,2,...,m. 2m + 2
Zon+s = 0, Want1,6; Usnisie-

The meaning of the table is best understood after a few of the differential
equations of each system have been written out in full. For this purpose, and
for the more important applications as well, it will suffice to consider only
m=20,1.
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(a) THE U, SYSTEM

We have already met the first differential equation of the Up, system. It is
R, = 0, an equation which we found it convenient to compute while we were
considering R* = 0. We begin, then, with (370):

0 _— 0
(42) a+l(]0b+6 Uob] ’ (140) (lE 20)So @

‘For m =1, we have to compute the equations Z® = 0, R = (). Since
S; = 0, we find, for Z* =0,

: __266 (Uss a®)* + 26U+ 2(1 — 0) wsa = 0,

(43a)

where, by formula (10a),
(43b) (Usp a®)* = Up* «*+2U% ad'.
The equation Rg = 0, when written out in full, becomes

2(1—26) £kt 8 6(1 26) 7% 2 ’ (2 6)(1 26) */1
3(1—o) Usp™" a®+ - Uis™ a’a’ o 1—¢ s

(44) —2(1—0) U3 - —20(Us + wsa) &' —2(1—20) Uy o'

— 20w ¢ = 0.

The equations (43a) and (44) determine Usp and ws,, since the function Ups
is known by (42). Without writing down the next two equations of the
system, it is clear that they will involve the three functions already obtained
and two new functions, Uy and wsq, which they will determine.

(b) THE U,, SYSTEM

Although the differential equations of this system may be readily obtained
from those of the Uy, system by merely advancing all the indices by 1, their
importance in the applications to follow makes it desirable that they be
explicitly set down at this point. (Also, the restrictions we have imposed upon
the S’s are going to alter the appearance of our equations somewhat, in
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particular the first three, so that the rule which advances indices is not easily
applied.)
The first equation (m = 0) is R, = 0. Since 8] = 0, we find

U

(45) l71ba+[U15+6 o = 0.

When m = 1, the equations are Z* = 0 and R, = 0; or

(140)(1—20)(8°1 8s)

(46) o

S (U o) 20 Ui+ 2(1—0) wia =

and

2(1 26) %0k 6(1 26) *r* s ’ (2'—6)(1 20) *n
3(1—0) VB T 1=, S L

47 —201—0)Usp a—20(Usp + wsa)d —2(1—20) Uy &' —20wi o

_ (140)(1—20) (8 +8)
& .

The last two equations determine Us, and waa, since (45) has deter-
mined Uys. S%and S; are in general distinct. We shall take S; = 0 in agree-
ment with § 3. In that paragraph we pointed out a fact which is now
established; namely, that if S” and S, are distinct, their difference is of
order ¢°.

We note that the Uy, and Uy, systems are formally the same; if, in parti-
cular, the surface tractions on the bases are nil, the corresponding unknowns
of the two systems differ only in the constants of integration.

(¢) THE wg, SYSTEM

For m = 0, the table gives two differential equations of the wop system;
namely, R* = 0 and Z; = 0. We have, in full,

48) - i wop’ ® + T [wob+ 0—] a4+ (wi+ Usa) = 0,

# S —
! Uw)a] __a +a)§9§ Ss)

49) [3(1
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These equations determine wo, and whs -+ Usaq, if we admit as a single anknown
the combination w2, + Us,. It will be found that the next two equations,
m =1, determine ws, and Us, individually. Since we are interested in wop,
we eliminate w3, + Usq from (48) and (49) and obtain the following differential
equation for the determination of wo, (taking Ss = 0):

©0) [ o2+ 8 i o 2]t | SIS

For m = 1, the equations are R* = 0, Z; = 0; or

1 IkI¥! 4 1 (L34 _— 234 s /
(51) T1—0) wWob 30— [aw (2— 0) wit"] a®e
+ _T— ) [(2— 0) Uss — ow'] -+ 1_3-7 [Uss — wit] e’

(1+0)(8*—8s) @

+2Uss ao’ — (wip + Usa) =

E b
and, since we take S® = S; =0,
PP (LU I T S X rry 8
(51b) {“30(1 Wit a® -+ 6(1 55 [(2—0) Ui —ouit']a
* 5___
—(wib+U5a)a}=0= (1+0)(E§ Sb).

From these last two equations we can eliminate wi + Uss, and obtain an
equation involving wos, wes and Us,; this equation, together with (48), will
determine wy, and U, individually, wo, having been determined by (50). The
foregoing is typical of the general stage in the computation. Let the case
m = 2 be a final illustration: we obtain two equations from which to eliminate
wep + Una, and are thus led to a single equation in wg and Us, which, together
with (51), determines these two functions.

(d) THE w,, SYSTEM

This system of differential equations is obtained at once from the wos System
by advancing all indices by 1. Since we have Ss =8*'=S8,=...=0, the
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right-hand members are all 0. In all other respects the equations are those of
the wop system with the indices advanced by 1, and it is quite unnecessary to
write them out in full.

Since the Uy, and wip systems are in form the same as the Uy, and wo» systems,
we see that there are essentially only two distinct types of systems of
surface traction differential equations. We shall see later (§ 6) how these two
systems are related to the two modes of displacement, radial and axial. With
reference to the structure of the differential equations of the two systems,
note that when we set Up = 0, we = 0, and decrease all indices by 2, we
get back again to the original Uy and wo» systems. In this connection, we
recall the fact that we are dealing with an elastic theory that admits of super-
position of solutions.

The striking fact that emerges from the situation just described is that
all the differential equations of a system have the same ‘“reduced” linear
homogeneous equation. For example, in the woy system, the function wyp is
determined by a differential equation which is found, when computed, to have
the same corresponding reduced equation as (50), and similarly for wy, and
so on. This property of the system suggests that once a method is found for
integrating the leading equation, all subsequent equations of the system
(although the non-homogeneous members become more and more involved)
may possibly be integrable by the same method.

It is also interesting to note how closely the reduced equation for the system
of axial typet resembles the reduced equation for the system of radial type.
Indeed, these reduced equations may be written respectively in the forms

(52a) y*’+3(y’+ a%) —Z =0,
(520) s+l ed) s —o.

Although we have verified the table for the values m = 0,1 only, much
light has been shed on the nature of the differential equations, and, inciden-
tally, we have obtained a sufficient number of these equations to enable us to
meet the immediate requirements of the applications.

5. Boundary conditions at an edge. In (41), we have forms for U
and w that satisfy the body force conditions formally, and when the U,’s, Uy’s,
wg's, and wy's satisfy the differential equations of § 4, these forms for U and w
also meet the requirements imposed by the surface traction conditions. To
complete the program outlined at the beginning of § 3, it remains to determine
the constants of integration which enter in the solutions of the differential

+ See § 6.
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equations. When this has been accomplished by means of the boundary con-
ditions at the edge (or edges) of the plate, U and w are uniquely determined
and the particular problem in hand is formally solved. (We shall consistently
use the expression ‘“boundary conditions” to refer to boundary conditions at
an edge.)

In dealing with boundary conditions, we adopt the conventions of Love,
Chapter XXII. For circular plates, an “edge-line” is the intersection of the
“middle plane” (z = 0) with a circular cylinder (» = 7,) whose axis is the
axis of the plate. The componentst of the stress-resultant are denoted by
T, N, and the stress-couple is denoted by G'. The directions of these com-
ponents and the conventions with regard to sensei are illustrated in Fig. 1.
If the normal » is drawn outwards, we are
considering the action of the portion of the
plate exterior to » =7, upon that part of the
plate interior to » =17,. A positive 7' is a radial ¢
tension, and points in the direction of the in-
creasing r; similarly, N is directed positively in [\ '
the sense of the increasing z, and denotes a T
shearing force normal to the middle plane. The .

. Fig. 1.
couple @ is flexural.
The three stress-components are given by the expressions

a
(53a) T = ftr?dz.
—a
a
(53b) N = ftiid:_:
—a
a
(63¢) ? = f 2rrdg,
—a

where the integrands are expressed in terms of { by (16); U and w are given
by the series (41), and the U,’s, Us’s, w,’s and wj’s are given by the solutions
of the differential equations of §4. If the plate is thick, the traction components
have prescribed values at every point of the edge (Love, p. 464); but since

T There is no vector couple in the z direction, and for a circular plate, S =H =0
(cf. Love, p. 56 and p. 141). Thus we are concerned at present only with 7, N G.
1 Cf. Love, p. 461.

26
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we are considering thin plates (cf. § 16), the tractions applied to the edge
may be represented by their force- and couple-resultants estimated per unit
of length of the edge-line.

We follow Love (p. 465) in expressing the statical equivalence of the applied
tractions, T, N, G, and the stress-resultant and stress-couple components at
an edge by equations of the type

(54) T—T, N=N, G=G.

Note that the right-hand members are fotal applied tractions. Assuming that

integrations with regard to { have been performed, we write the applied
traction as follows:

(55@) T = T0+T1f+Tgt2+ ey,
(550) G = G’o+ G1t+G2ts+ .

where the coefficients are functions of » only, and using (16a) and (16¢), we
see that relations (54) are identities in ¢ of the form

(56 0) (1+0)(1 20)1 Ut 42 )+(l——20’)U'} =T,

(56%) 2(l+a)“J FI t} =N

(560) (]+o)(1 20)J Uit )+(1——20)U’}t§d§§(}

Upon equating coefficients of like powers of ¢, we obtain equations which
determine the constants of integration, provided the right-hand members are
known at the edges. If the displacements are prescribed at the edges, so that
the constants of integration are already known, our equations enable us to
compute T, N, G as functions of » of the form (55).
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We give below the definitions of certain types of boundary conditions which
may obtain at an edge » = #y:
(i) At a “free” edge the requirements are

(GY)) T(ry) = N(1y) = G(ry) = 0.

(if) At a “supported” edge the axial displacement of a point on the middle
plane (at the edge-line) is nil, but there is no restriction on the radial dis-
placement of such a point. Also, 7' and G vanish, so that the complete
conditions at asupported edge are

(58) 1w (19, 0) = T (rg) = G (ry) = 0.
(iii) At a “clamped” edge we have
(59) U(r9,0) = w(ry,0) = w'(ry,0) = 0;

in short, there is neither axial nor radial displacement of a point on the edge-
line, and the inclination of the middle plane is not permitted to vary.

To complete our list, we note a type of boundary condition which enters
in §§ 7, 8. There both edges of an incomplete plate are subject to radial
pressure (or tension), and the boundary conditions take the form

(60) T (ry) = T (2), T(r) = T(y).

The applications will require that we have on record a few of the equations
obtained from (56) by equating coefficients of like powers of f. From (56a)
we find Ty = 0. From the terms in ¢ we have

20 & , U
1) P v o T2

20a

]___O_—Sg = T].

and we note that T is of order /. Equating the terms in ¢* gives the same
result that is obtained by advancing all indices by 1 in (61 a); namely

28 [

1— ot

3

(61) Uly+o =8| =T,

26
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In computing the equations from the terms in ¢* and ¢, the integrations with
regard to £ should be carried out, and it is also useful to eliminate ws; and wyq
by means of (43 a) and (46). Although these formulas simplify for plates of
constant thickness, the general forms are rather forbidding; we have

12a.E [U2b+ ( ){0(4 0) *I*
(61¢)
+60UN o' +(2—0) (1—0) Ui"a)| = T,
12aE [U3b+ —(——“—)-{0'(4 0’) [ﬁ'*a
©61d)
+60UF o'+ (2—0) (1—0) Ut"a}) |+ 225 —m,,

Note in (61¢) that Ups is known, so that the essential relationship is between
the functions U and T; a similar remark applies to (61d). Recall that ws,
and w4, are known in terms of Uy, and Uss, respectively.

From (56b), we find Ny = N; = N; == 0. Equating terms in #*, we have

3 (1—o¥)N;

(62a) wor' a®+ 3 [w" +o0 w"b] 2y — — 5F

If the plate is of constant thickness (& = 5, a’ = 0), the result is

(62) woy = — Eds~,
where

2Eq9*
(62 0) 0 = m,

or, eliminating ¢ by means of the relationst & = q¢, D = d¢*, we may write

2 Eh®

t These relatlons are in agreement with the notation which we first introduced when we
wrote z = {t rather than z = z¢. The Greek letter notation seems to conduce to clearness.
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where 274 is the actnal thickness of the plate and D is the “flexural rigidity”
(Love, p. 470).

The equation in N, is obtained at once from (62 a) by advancing the indices
by 1. Equating terms in ¢*, we find (retaining only even powers of { in the
integrand)

620) 2(1+o) J — e T gy
Qe
2 —

TBA =) VHE vt Tl 40 = N,
From this equation we can eliminate wis + Uss by means of (51) and Us, by
means of (48); and integrating, we obtain a relation between w. and Nj,
since wop is already known. Since the relation is rather involved, we shall be
content to write it out only for the special case o' = 0; (62¢) then reduces to

(62 wop — -

We turn finally to (56¢) and find Gy = G, = G,.= 0; it appears that G,
as well as N, must be of order #*. We find

ub] o 30—
:

(63a) [w&'b 4o 5F

Gy,

and a similar equation in G, obtained by advancing indices by 1.
The terms in ¢° give us

(63b) -

and when we eliminate Us, by means of (48) and integrate, we have the desired
relation between wqp and G;. If @' = 0, we find

mf—j [6(4+ o)™+ (1—06) (8 + o) wht"] — — %

wzb

63¢) wiy + 60— p
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We have obtained enough of the relations of type (56) to enable us to deal
with the simpler applications. If T, N, G are initially prescribed, the series (55)
are either nil or else terminate with the leading term; for example: T == T\¢,
N == N;#%, G = G3t%. When these components are unknown elements and
the plate is of constant thickness, the series (55), as well as (6), will terminate
provided the distribution of load meets the requirements of § 13. But for
a random type of loading, or in the case of an initially prescribed central
deflection, and obviously in cases of variable thickness, T, N, G, as well as
U, w, are given in general by infinite series.

6. Analysis of the formulas of displacement by the aid of certain
transformations. The formulas (41) for U and w, together with the
differential equations of § 4, are quite general; they enable us to handle, for
example, a problem involving simultaneous radial and axial pressure. Before
dealing with the applications, it is important to ascertain what simplifications
occur in (41) when we consider

(i) the case of radial pressure only,
(ii) the case of axial pressure only.
In this connection, we make use of the following transformations:

(644) (t, —1t), (w, —w),
(64b) €, —0), (w, —w), (e, —a),
(64¢) (t, —¢), (U, —U),
(644) & =0, U, —0U), (¢; —a),

where (¢, —t) signifies the replacement of ¢ by — ¢, etec.

Clearly each of these transformations turns the plate upside down and at
the same time reverses the signature of either w or . When one of these
transformations does not disturb the conditions that characterize a given
problem, it cannot influence the solution, and hence may be used to simplify
the formulas of displacement.

If the transformations (64) are to leave U and « unchanged, they must
leave unaltered the fundamental relations (14), (21), (56) which determine U
and w.t Since F, = F,; = 0, all requirements are met in the case of (14).

T We need not concern ourselves here with the fact that the displacements themselves
may be prescribed at the edges, as in (59). In such cases we discern by direct examination
of (64) the transformations which do not disturb the boundary conditions.
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If (21) and (56) are to remain unchanged under (64), we find the following
restrictions on S, T, G, N, where S refers to both S” and S,.:1

(65&) S(t) = S(_t)) T(t) = —'T(_t)r
N(t) = N(—1), G(¢) = G(—1);
660) N = G = 0;

(65¢) S(f) = —8(—1), T(t) = T(—1),
N(t) = —N(—1), G(t) = —G(—1);
65d) S=T=

Here the order of arrangement is the same as that in (64), and the conditions
are concerned with the vanishing of certain terms in the expansions (18)
and (55).

(a) THE RADIAL CASE

Under this heading we consider the pair of transformations (64a) and
(64b), assuming that (65a) and (65b) do not conflict with the boundary con-
ditions, so that U and w are unaltered. Using (6), we find that these trans-
formations yield respectively the following relations:

(66a) Usm+1 (7, ) = wom (7, £) = 0 (m=0,1,2,...),

(660) Un(r, L) —Unr, —8) = wn (7, L) +wm (r, —{) = 0
(m=0,1,2,...).

Turning to (41), we observe that (66a) implies the vanishing of all the un-
knowns of the wo, and Uy, systems, and that (66b) demands the vanishing of
all the unknowns of the wy, system; for (66) demands that each of these
unknowns equal its negative, and since they are given uniquely by the diffe-
rential equations of § 4 (provided (65¢) and (650) do not conflict with the
boundary conditions), this cannot happen except they vanish identically. With
only the unknowns of the Us» system remaining, the formulas (41) simplify
tremendously. For future reference, the results are recorded below:

+ In deriving (65b) and (656d), note that the right-hand members of (566) contain
a multiplicative factor 2@ which changes sign under (64b) and (64d).
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610) U = Un+ |Un— gor—oc Ui 0]
+ [ 2(1i2 ) et T U T ‘)4?21_ ]
+[ O — gy ke g UR e gy R
+ 24321 Z;a) U™t~ 7204(1_-- gy U™ e

(678) w = walt+ [lbaa E+ 5 (11+ C U C"’] t

‘I‘[wﬁas—l— 3= 9. 24) ,03“{3_‘__6_(_1“—1—___2_) U™ 8

2+0 wrsrs w5 | 45
190(? 5 U JEERS

Note that w (#, 0) = 0; that is, the middle plane is stretched without
deflection at any point. It is interesting to interpret physically the trans-
formations (64a) and (64b); we observe that when (¢, —¢) or ({, —0),
(e, —a) turns the plate upside down, the requirement (w, — w) takes care
of the necessary reversal of sign in the axial displacement. The advantage
of deducing formulas (67) at this point will appear when we arrive at the
applications of §§ 7, 8.

(b) THE AXIAL CASE

From (6), we find that the pair of transformations (64c) and (64d) yield

respectively the relations

(68a) Uam(r, ) = wam+r(r,§) = 0 (m=0,1,2,...),

(68b) Un (v, &)+ Un (r, — &)
= wm (r,{) —wu(,—{ =0 (m=0,1,2,...).

By (41), the first of these relations implies the vanishing of all the unknowns
of the Uy and wyp systems, and (68b) shows that all the unknowns of the Ui,
system must vanish also. The argument here is the same as in the radial case.
We are assuming, of course, that (65c) and (65d) do not conflict with the
boundary conditions.

Before writing down any formulas of displacement for the axial case, let
us see how much we can infer from (64d) when S*=S%#f 0, S, =0.
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Although the conditions of (65d) are no longer met, an examination of the
differential equations of the Ui, system shows that the only unknowns of the
system whose vanishing we cannot now infer are Us, and w4 . Since the
special case we are considering is one of vital importance in the applications,
we shall retain these two unknowns in our formulas of displacement for the
axial case.

The physical situation here is of considerable interest. When U and w are
respectively even and odd functions of {, as in the radial case, or respectively
odd and even functions of {, as in the puret axial case, there are obvious
symmetrical relations governing the form into which an initially vertical
filament is bent. But if the upper base of the plate is loaded, the terms in
U and wy, enter, and U and « are no longer respectively odd and even
tunctions of {; not only are certain changes reflected in the form into which
the initially vertical filament is bent, but also there is the new possibility that
the middle plane is extended as well as bent.

The inclusion of the unknowns Uss and w4, gives us the following formulas
of displacement in the axial case:

(694) U———uvo,,:t+[vs.,+bms+6(l e
+|Uut Lo — I - 22 g
54 6 2(1 )U/wS ] 12(1__ )
1 U 3 __g____ RIS -5] 5
+~——12(1_ y o 8 g0 (T = gy ok Al S

(690) wo= wow ~+ [w 26 + — N/()b t"] 4+ [ua + wia §

2(1 2(1 —
e 1_ 2 __ 1 — 2 2 1 + gyl rE e | 44
i1 VRl g B i =) t]‘
vy —— 1 2___ ,_20 2 o 1% 33
+ [Msb 4(1 U5a§ (1 T 0‘0 t + 3————-——-(1 “g
+ o 1___ o ]-H* Cs ] R ]*I* §4 lU‘zb'* C4
(1—2¢ 24(1— o) 94(1
- 24 T perkek g6 | 46 L.
Ft50(1 o1 g}t'*' '

T We agree that (65¢) sufficiently characterizes the axial case. If both (65¢) and (65d)
obtain, we have the pure axial case. An analogous distinction might be made in the radial
case; then (67) would refer to the pure radial case.
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If there are no surface tractions (8* = 0), we suppress the terms involving
Usy and wy, and find U(r, 0) = 0; that is, the middle plane is bent without
extension. Examples of this type are treated in §§ 9, 10. In the examples of
§§ 11—15 we have S*F 0, and the terms in Us, and wy; must be retained;
indeed it is precisely these terms which provide in the second of these examples
(§ 12) for a uniform stretching of the middle plane.

Considering only the leading terms in (69), we see that to « first approxi-
mation a linear element originally normal to z = 0 remains straight in the
strained state, is not compressed transversely, and also meets at right angles
the surface into which the middle plane is bent.

In the axial case it is particularly interesting to form the physical picture
for transformations (64 a) and (64d), and observe how, after the plate has been
turned upside down, the displacements are still correctly given by virtue
of (U, — U).

We observe that the U system predominates in the radial case, with the
wyp System entering as an auxiliary system of axial type. The situation is
reversed in the axial case; here the wo, system comes first, and the Uy, system
of radial type provides for radial displacements of higher order than the
axial displacements. In the pure radial and axial cases the auxiliary w;, and
Uss systems disappear. Of course the solutions of the radial and axial cases
may be superposed if desired; that is, the most general problem may be
solved by a synthesis of solutions of radial and axial type.

It may be noted that the energy integral,

699 ST 2@[”“ ")[U**i gzg]

1 aU ) uu’

; BC t—-—4———t—4U—C }rdrdC,,

+(1—2 6) [
is of order ¢ in the radial case and of order ¢ in the axial case, in agreement
with the known facts.

Our formulas are in general power series in both z and 2. When z = 0,
we have power series in % alone. Also the applied tractions, (18) and (55),
are given by power series in % alone.

Although we take the point of view of tractions applied at the faces of the
plate, there is the possibility of prescribing the displacements at the faces and
subsequently computing the corresponding applied tractions. So long as the
prescribed elements define a determinate problem, it seems clear that the
method of series is applicable.
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Finally, we note that ¢ is not necessarily a small parameter. What is im-
portant is that the actual plate under consideration be thin; that is, when the
parameter ¢ is suppressed, the ratio of the thickness of the plate to its dia-
meter must be in generalt small.

Further remarks will be found in a concluding paragraph which follows the
applications.

PART 11. APPLICATIONS

7. Incomplete circular plate under internal and external radial
pressure.i As an example of the radial case, with the displacements given
by (67), consider a plate of constant thickness with outer and inner radii 7,
and r, respectively. In the notation agreed upon, the thickness is 2a = 2/
or2et = 2qt.

If the pressures (per unit of edge-line arc) are p, and p, on the external and
internal boundaries respectively, we have

Y
(70a) T(re) = Ty (r)t == “‘jl’otdg = —2qtp,,
-
Y
(700) T(ry) = Ty(r)t = —jpntdC = —29tp,
-7

and assuming S; = 0, we have, by (61a),

E o U

(71 a) _1 - 0'2- [ ob ¢ rob ]r=ro po’
K , U

(71 eVt = —n

The first differential equation to be solved is (42). When &' = 0, this
equation reduces to

(12a) Up = 0,

1 When the method leads to results which hold for a thick plate (see Part II), we have
an exceptional case.

i The solution of essentially the same problem is found in Love (p. 141); in point of
fact, the applications of §§ 9—12 to plates of constant thickness do not lead to results
that are new. It is enough that these examples serve admirably to illustrate the direct-
ness of the present method, as well as to suggest the detailed manner of procedure in
cases that are new, notably those of variable thickness.



374 C. A. GARABEDIAN [July
and its complete solution is

(120) Uw = Cyr+ Cert.

The constants are determined by (71), and have the values

. 1—a|pri—mn
(130) = g ||
L 0 1
y, _ 140 [ (p, — po) 37
(13b) G="F | w=r |

All remaining unknowns appearing in (67) may be shown to vanish identi-
cally. For example, equations (43a) and (44) reduce to

(14a) oUs~+(1—0)uss = 0,
(14b) (1 —0)Uss+ wsa = 0;
hence U3 = 0, or
(14¢) Up = Cir+Csr.
But (61¢) gives
/ U] _
(144d) [Uzb +o0 . ]r=r._ 0,
. Un)] _
(T4e) [U2b+ c— ]r=n— 0,

and hence Uz = 0. Also, wss = 0.
Since all unknowns vanish save U, the complete solution, as given by (67),
is the following:

’

_ l—o |Pi— DT 140 |(p,—p) 373 1
(15a) U = % [ ]r—l— % —

2 42
7o 7‘1 r

(15 w = —
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where we have made the return to the original variable z. From (75b), we see
that there is uniform axial extension of amount given by the coefficient of z.

If the thickness of the plate is to remain constant, it is necessary to impose
a tension. Since there is no axial extension, w1, must vanish; or, by (33d),

. _ (1+0)(1—20)8
(76) Upp = o F .
This relation may be used to eliminate So from (614), so that our boundary
conditions become

I [ Ik ke s Bt

r =1

E U
(17d) AFad—29) [(1-«) Uo,,+o'—ri"-]’_’= — Py

Taking Uy in the form
(718) Up = Kyr+ Ky ™7,

we obtain from (77) the following values for the constants:

(19a)

(140)(1—20) | P77 — P73
Kl = E - y

r:—12
(79 b) Kz = 02;

and we have for the complete solution in the case of no axial extension

®0q) v = LEAT=20 [p‘rg_p“%]wr 14 [(pljz)o)rzr%]i,
] E ‘ro_rf r

E 12—
(80b) w = 0.

Having determined the constants in (78), we may compute Uss and obtain
from (76) the value of the imposed tension. We find

oF " 26(1’1 " —porﬁ)_

(81a) So = AF ) (1—=2a) Uppy =

22
h—n
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In the first case considered (S) = 0), let us suppose that po = 0; then we
have zz = zr = 0, and

~ P r _'i]
(81 b) 7 - ’rg — 7'% [1 ),2 ’

~ nn [ r2
(81¢) 06 — ,.(2’___,% 1+ r2

We observe that the circumferential tension is the greatest tension; its value
at » = r, exceeds by p, its value at » = »,. The greatest extension is the
circumferential extension (egg) at » = r;.

If r, — 7, is small in comparison with the thickness 2%, we have results
that obtain for a tube rather than for a plate (cf. Love, loc. cit.).

Finally, attention may be called to the fact that we might have prescribed
the radial displacements of the inner and outer edges and computed the
corresponding pressures.

8. Incomplete circular plate of variable thickness under internal
and external radial pressure. The displacements are given by (67), and
the first equation to integrate is (42). Assuming the bases free from traction
(Se = 0), equation (42) becomes

UOb

(82) Ut a+ [Uh+ o0 22’ = 0.

If we restrict « to be of the form

(83) a(r) = qr*[a(r) = k¥, b = 9t],

equation (82) is of Euler's type and is readily transformed by a change of
independent variable into a linear equation with constant coefficients.t
When © = 0, we have the plate of uniform thickness already considered;
but iu general, the thickness at the center is either infinite or nil. We avoid
this difficulty by considering an incomplete plate.

When & = --1, h =1, the plate is as shown below in the figure. Note
that the choice of 2 determines the thinness of the plate. We do not specialize
k in the discussion that follows.

+ Cf. Goursat-Hedrick, Mathematical Analysis, vol. II, part II, p. 128.
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Fig. 2.

Since the ratio «'/a is independent of 4, the leading terms in the displace-
ments are independent of the thickness of the plate, and this is explainable
when we recall the manner in which the pressures at the edges vary with the
thickness.t But equations (43a) and (44) are altered by a change in 7, and
we see that subsequent terms in the displacements will not be independent of
the thickness of the plate.

Using (83), equation (82) becomes

U
r

Uos

(84) U +(1+Hk)—=—(0—0k)—5 =0,

and the solution of this equation is

(854a) U = Cyr™+ Cyr™,

where m; and m; are roots of the characteristic equation
(85b) m:+km—(1—ok) = 0.

The discriminant of (85b) is A = k*+ 4(1—ok), and vanishes when & = 2¢
+ 2V 6*—1; but since ¢ <1 (Love, p. 103), this value of k is never real.
Thus we see that in any bona fide physical problem, the roots of the charac-
teristic equation are real and distinct.

If the respective pressures on the outer and inner edges are po, p;, the
conditions at the boundary are given by (71). These equations determine the
constants in (85a), and we readily find

T Cf. §§ 6, 16.
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86) Uy — 1—d ,-ml (p, ¥z, — p rM2y )
( ; 0 = E(r:)n, ,r;ng__ 7.312 7‘;"1) my +6 Py7e* Ty Dyry% 7y
’.”h /1 m
- myto (P, 75" 1y — Do 1T 1) |-
If k=0, then m; = 1, ms = — 1, and (86) reduces to the Uy of the pre-
ceding paragraph.

By virtue of (86) and (33b), we now know the leading terms in the dis-
placements; that is,

(87(!) U= I]oz,+

If we wish to compute further terms in U and w, we consider next the
equations (43a) and (44). Eliminating ws., we obtain the following equation
for the determination of Up,:

880) Ufia+t|Ub+o —U;‘*’l] o' — @ (Uss, a, and their derivatives).

Since Up, and « are known, @ is a knownt function of », and this equation
has a solution of the form

(88b) Uy = ClLr"™i 4 Chrm 4 g (1),

where ¢ is the particular integral. By (43a), the function ws, is also known
up to C1 and C;. By means of (61¢), where Ts(7,) = Ts(»,) = 0, the con-
stants of integration are determined, and since there is no longer the homo-
geneity] that characterized the case ¥ = 0, these constants are in general
different from 0. The situation here is typical for what happens as we continue
to determine subsequent terms in U and «;, and 1t is clear that if the thickness
is variable, the series for the displacements will not in general terminate.

T From (43), (44), (61¢), we ascertain in particular the manner in which a and its derivatives
enter in @), and verify the fact that Us, contains the factor 2. Thus the term of order t? in
(67a) is seen to be homogeneous of order 2 in { and 7, and in general the coefficient of ¢ is
homogeneous of order » in { and 7, as pointed out in § 1.

1 Cf. (74d) and (T4e¢).
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9. Complete circular plate loaded at its center and clamped at
the edge. In this paragraph and the next three, we continue to deal with
plates of constant thickness. Although we do not obtain new results, we show
how the present method lends itself to direct computation of the solutions in
question. Indeed, it seems desirable that in exhibiting the power of the method
as applied to plates of constant thickness, we should begin with familiar rather
than with new examples.

Under central load, the surface tractions are nil, and the displacements are
given by (69) without the terms in Us, and w4,. The boundary conditions are
given by (59).

The first differential equation to be considered is (50), and since a’ = 0, it
reduces to

(89a) wop ¥ = 0,
or
(89%) oy — f‘ .

The constant K is determined by (62b). If W is the central load, we have
(90) W = 2nrNg s,

since 277N is the resultant shearing force on the portion of the plate lying
within a circle of radius . Thus, (89b) becomes

w

@D e P L

and the shear is infinite at the center. Integrating, we find

(92) wop ==

W [ s10020 1 8 2 .
s [r#10g " +1) + Gt 4 G + Calogr,
where D is the flexural rigidity. Since the plate is complete up to the center,

C; must vanish. The constants C, and C; are determined by the conditions
wop (70) = whp (r0) = 0, which follow from (59). We find

W

_ R S S T
(93) wWop = 87rD[2(r° rt)—orlog ’_].
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We turn next to the determination of s and Uss. From (48), we have

, _ W'
(94) wyp + Usqy = 271,7,1)(1___0.) ’

and equations {51) and (52) reduce to

1

(950a) I )[(2 o) Usa— owsy' 112 — (wip 4 Uss) = 0,

(95b) —-6(—1" Sy q'+6 Ut ' — (who + Use)* = 0

(1)

Eliminating wi» + Uss from the last two equations, and using (94) to get rid
of Us,, the result is

(96a) why* =0,
or

!
(960) wip = £

But Ny = 0 in (62f), and K’ = 0; hence we find, upon integration and
suppression of the term in log »,

(96¢) wyp = C1 v+ C}.
Finally, the boundary conditions s (70) = wi» (r0) = 0 give us wa = 0,
and returning to (94) we have
2
(97) A
The conditions N; = 0 and wy (r0) = wis (1) = 0 give wy = 0.

From (95a) the equation analogous to (94) is
(98) wap + Usa = 0,

so that the analogue to (97) is Uss = 0. A similar argument shows that all
remaining unknowns vanish identically.
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We are now in a position to write down the formulas of displacement (69).
Making the return to the original variable z, we have

Wrz o w
r __nwre . . To S (o .8
(99a) 1 inD %, T apa gy 87— (2= 97,
. w ooy 3
“="T8%aD [&(75 %) — r?log r]
(99 b) ’
__oWs o
T A —0) [210% " 1]°
The central deflection is
Wrg
(100) d=— w (O, 0) = _m’

and by means of this relation it is possible to express the displacements in
terms of an initially prescribed central deflection. Indeed, it is possible to
solve the problem from the point of view of an initially prescribed central
deflection and subsequently compute the load in terms of d. We follow this
suggestion in the next paragraph and obtain some interesting results.

We observe that the terms of higher order in (99) become infinite at the
center.t But for a thin plate, the formulas yield reasonable displacements
outside a certain small neighborhood of the axis. If 2= 0, we have the
formula of the approximate theory (Love, p. 494). A meridian cut of the
surface into which the middle plane is bent has infinite curvature at » = 0.

10. Complete circular plate loaded at its center and supported
at the edge! As in the preceding paragraph, we have

W o
(101) o = [ log 22 + |+ e+

but the constants are to be determined by boundary conditions following
from (58), namely

(102) tob (1’0) == Gg (7'0) = 0.
Applying these conditions, we obtain

w [3—}—0’
167D L1+

T See the remark at the close of § 10

(103) wop — — (12 —1?) — 202 log 22 ]
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Turning to the unknowns w and Us,, we find again an equation of the
form (96¢), and since wsp (7o) = 0, we have

(104) wey = K (r2—12).

To determine K, we use (63c), where G; (1) = 0. When wep is known,
Usa is determined by (48), and the final results are as follows:

(1054) _ (8+40) Wqt

—_ 2 __ .2
W2 40(1 +0‘)7I.Drg (7 70)’
_ _B+owey W
(1051) U = 00+ DR T 2= aDr

From wy (r9) = Gq (r9) = 0, we find wy = Usq = 0, and since all further
unknowns vanish identically, we may write down the following complete
solution:

_ W To _ .?'JL_"] ,
(106a) U = 871D[210g " 14 i
4 W [(8+a)rhiz 2k (2—a)d
4nD| 5(1+ o) 7l (1—e)r 3(1—oa)r]|
W [8t06 5 o 9aiee
(106b) w = 67D |1+ (13— 1) — 272 log r]

w [(8+40) (rZ—1r2) At ¢ r 3-I-o'} ]
gxD | Bt +1——¢{2(10g1_?—1)+1+u 4

__ o(8+0) WhZ?
20(1— &) D72

-+

The central deflection is

_ Bt Wi I 28+a)k
16(1+0)xD 5(34+0)73 |

(107) d =
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Solving for W in terms of d, we find

__ 16(+o)nDd 1
(1084) W= (BFo0)r EICETI N
5(3+0)r] |

Substituting this value in (106), we obtain formulas of displacement in terms
of d, and these are closed forms; that is, when the parameter ¢ is introduced,
these formulas of displacement are not power series in ¢. But by expanding
(108a) in series,

(108D) W — _ 160 +oemDd 2(8 4 o) h? ]

Gran |t 56 Fan

we obtain for U and w the same formal developments in ¢ which result when
the problem is solved from the point of view of an initially prescribed central
deflection.t If we were not to write out in full these series for U and w in
terms of the central deflection, we might fail to observe a situation that
obtains in all these cases, namely, the coefficient of ¢*, considered as a function
of » and o, is homogeneous} of order —n. We have

_ 2dr[l+oe
1090 U= "3 [3+6(21 1)+1]z
4(1+o)dr[(8+0 Yo 1073
T5Gtor [{3+6 (21°g7‘1)_'(1——a)r=}"’z
5(2 — o) 2
3(1 — m’zs]-l' ’

— Ay 2d+0) 4070
(109b)w——rg[(r§ m— L r’logr]

4(140)d (8--l—¢r)r"h’l 7o

TB3B+97| BFor &y

LY 7o 340
+ l_ﬂ{log; 1+8(1+o)} ’]+---

1' In this case, we demand that wwn(0) = d, w(0) = 0, wa(0) = 0, ete.
t Of. §§ 9, 11—14 (particularly the concludmg remarks of § 14).
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The developments (109) meet the requirements both of convergence and
differentiability; for the series (108b) converges when the magnitude of the

ratio —}—t- is suitably restricted, and is independent of z and .

Although (99) and (106) break down at the center of the plate, they are
the exact solutions under the assumption that the surface tractions are nil
in the case of central load.t

11. Complete circular plate under uniform pressure and clamped
at the edge. In this problem, and in that of the next paragraph, the dis-
placements are given by formulas (69) with the terms in Us, and w4, included.

Let the upper base (2 = k) be subject to the pressure p per unit of sur-

face area. Then 8" = S*¢# = —p, S, = 0, and equation (50) reduces to
(110) iy - — L
or, after “anti-starring”,
" K
(111) w0b __ _‘5)—D+T'

To determine the constant K, we have the relation (625), and since the shear
must be finite at the center, we find KX = 0 and

1 Ngt? = }pr.

If W is the total load, then W == mps2, but it is convenient to retain the p
in the work that follows. Since the plate is complete, we suppress the term
in log~ in the solution of (111) and write

i
(113) wop = — 61:1'D + G+ G

and when the constants of integration have been determined by means of the
boundary conditions wos (7o) = was (ro) = 0, we find

(114) wop =

2 2
64D (rg—r2)%.

For ws, we tind an equation of the form (96b); but K’ — 0, since the
shear would otherwise become infinite at the center. Our further boundary

+ Cf. Saint-Venant’s dAnnotated Clebsch, Note du § 45.
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conditions on wos are the same as those of § 9, and hence wy = 0. It

follows from equation (48) that

_ __pry
(115) Usa = =D

The remaining unknowns of the wo, system vanish identically.
It remains to determine the two unknowns of the Uy, system. Equations (46)
and (47) reduce to

(116a) o U+ (1—6) wig — %{g ,

(1160) (1—0) Uiy + owia = 0,
and eliminating w,, we have

117) Usy =

Now it is clear that in addition to the condition U (7, 0) = 0 of (59), we
have also U(0,0) = 0; but this implies that Us, (r0) = Us (0) = 0, and
hence we find Us, = 0. It follows from (116a) that

___(=2a0)p9
(118) Wig = T 3(1—0)'D

The displacements becomet

(190) U = —535 (1}~ ’””W‘—plﬁh’z——(‘z—o)z"],
0= =G5 =t Fatagp B2
(119%)
— s ap (B (1 20) Mot 61— (1— o) £,

+ These results agree with Love, p. 499,
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We observe that the middle plane is bent without radial extension. The
central deflection is
Pry Wl

(120) ¢=—%D = " BinD’

and by comparison with (100) is seen to be one quarter of that which would
be produced by the same total load concentrated at the center.

The normal shearing force is given by (112). For the radial force and the
flexural couple, we findt

aph
1—o¢’

(121) T="T,t= —

+ o+ a®)pht
20(1—e) °

(122) 6 =Gyt + 6P = — L [(1+ o)t — B+ )]+ (8

12. Complete circular plate under uniform pressure and sup-
ported at the edge. The constants in (113) are determined by the con-
ditions wop (7o) = Gs (#9) = 0, and we find

2(3 + o)
1+¢

(123)  we = — | (R — )3 — (rh— )],

64D

The determination of the unknowns ws and Uy, follows the lines indicated
in § 10. We are led to the results

_ (8+6+ 0'2)1”/2 ( 2_,,,2)’

(124) Wap = 20(1—e)D 0

(2499 —d)py’

(125) U = 500 —o" D

The remaining unknowns of the wo, system vanish identically.

Turning to the unknowns U, and w4, we find the first of these functions
given by (117). From Us (0) = 0, it follows that Us, = K», and K is
determined by equation (61d), where Ty (7o) == 0. When Us, is known, wqq
is given by (116a). The results are as follows:

T Recall that p is of order ¢* and A of order ¢.



1923] CIRCULAR PLATES 387

2 - opr’r
(126) Usb 3(1*—0'8)D’
_ 7
(127) Wy = 51—y D"

The displacements take the formt

, 5+°’,‘z ]
16D l14¢°
(1284a)
’63(1—?-)%5’")—5[206h9+3(2+9o—0’)h’2—5(1+“)(2"“)z”]’
2(3 .
w = 640[ ( +6)("%—-"*)"§-(f3—7‘)]
8+o+e® . s ([ B8+0 ., L\
(1285) _S(I—G)D[56(l+6) =k (2(1+a)’° ’)z‘]

— (T gty [407°e+ 6 (5+ 20+ o) W' —B (14 )],

The shearing force is given by (112), T vanishes throughout the plate, and
for the flexural couple we find

(129) 6= Gy = — 8 16")1’ (r2—12).

By setting z = 0 in (128b), we obtain the expression for the surface into
which the middle plane is bent. In particular, the central deflection is

(6+0) Wrg 8(8+ 0+ a*)A* ]

(130a) d == T 6a(1+o)nD 1+ 5(1—0)(5+ o)’ ’

where W = 7 p»?2 is the total load. The middle plane is stretched uniformly,
for setting z = 0 in (1284) we find

oprh®  __ opr
3(1—d*)D 2E°

(131) U(r,0) =

1‘ Ct. Love, P 487
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A linear element originally normal to z = 0 is deformed into a curved
filament; the angle at which this curve cuts the surface into which the middle
plane is bent is

(132q) 9 = ym—Aa,

, St |
(132b) tand = —— |
U , 1
l——w
oz ¥ |ieo
This formulation leads to the result
. 1. 3(U+apr
(133) 0= }kn BN

When we solve the example of this paragraph (or the preceding) from the
point of view of an initially prescribed central deflection,t we are led to
a situation analogous to that noted in § 10.

13. Plates of constant thickness under pressure of type such that
the series for the displacements terminate. The “star’ notation,
besides rendering our formulas compact, enables us to see with ease the types
of loading that lead to terminating series for the displacements.

Let us look first at the axial case. In the coefficient of #” in (69b), we
observe that wos is subject » times to the pair of operations '* ; for example,

+ To solve this problem ab initio means that we must retain the odd S’s which enter in the
differential equations of the Uiz and wos systems. Since we seek a uniform loading that will
cause a central deflection ., we find wlf’* = const., wlf’* = const., etc. Integrating and
suppressing the log term, there are three constants to be determined. For the first equation,
the boundary conditions are we (0) = d, wa(re) = G3(r,) = 0; subsequent boundary con-
ditions are of the type 10 (0) = wu(r) = Gs(ro) = 0, without the d. We are thus led to
the result

—p =SP4+ ... = Duwl#'™* 4 Dwl" 24 ...
_ 64(140)Dd [1_ 8(8+ o+ a?) h? J
T (Bt 5(1—a)(bta)rs ,

which is precisely what we get by solving (130a) for p in terms of d and expanding.
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the term in ¢* contains wgs'*"*. A similar situation presents itself in (69 a),
except that here the final operation in the sequence is that of differentiation.
Equation (50) reduces for the case of constant thickness to

18 43
(134) wir = S5,
and it appears that the series for the displacements will terminate if and only
if the pair of operations '*, applied a sufficiert number of times to (134), causes
the right-hand member of the equation to vanish. The truth of this conjecture
is borne out by the structure of the differential equations of the wos system.
We are assuming, of course, that the load is prescribed at the outset.

A little consideration shows that the only type of loading that meets the
stated requirement has the form

n

m
(135a) 2 — pu ¥+ logr 2 — qan T

n=0 n=0

Here the p’s and ¢’s are constants, positive in the case of pressure. We confine
our attention to pressures of the form

"y

(1350) D — par,
n=0

for terms in the logarithm give a type of loading which not only lacks physical
interest but also leads to formulas of displacement which present discontinuities
at the center of the plate.

Although a load of the form

m
(136) n—ZO - p2n+l rantl

fails to lead to terminating series for the displacements, it presents some
features of interest. With this type of pressure, the successive processes of
differentiation and starring lead at a certain stage to the starring of a con-
stant or a constant multiplied by log». At this point, negative powers of »
are introduced, and since the next operation is that of differentiation it is
clear that no term can reduce to 0 at any stage. In this type of loading
not only are the displacements given by infinite series, but also, due to the
entrance of negative powers of », all terms from a certain point on will
present discontinuities at the center of the plate.

The phenomenon just pointed out is not without explanation. Turning to
(135b) and (136), we are led to examine the curve z =— »" with reference to



390 C. A. GARABEDIAN [July

its behavior at the origin. If » is even, as in (135b), the curve is continuous
at » = 0, together with all its derivatives. When »n is odd, as in (136), the
nth derivative is discontinuous at » = 0 and has there a jump of amount 2x!,
and it is natural that such a singularity should manifest itself in the formulas
of displacement.

It will be recalled that we assumed Sg constant; in general it is a function
of », and if the series for the displacements are to terminate in the radial case,
S¢ must clearly have form (135). Otherwise the successive differentiation and
starring operations would at no stage lead to 0.

When n = 0, (135b) yields the important case of uniform loading — and
if po = 0, central loading. The latter case is dealt with fully in §§ 9, 10.
in the case of uniform loading, and for (135b) in general, a number of inter-
esting possibilities arise when the plate is taken to be incomplete. In point
of fact, we may have

(@) both edges clamped,

() both edges supported,

(c¢) one edge clamped and one edge free,

(d) one edge clamped and one edge supported,

(e) one edge supported and one edge free.
In cases (c), (d), (¢) we may interchange the role of inner and outer edges.
Furthermore, we obtain results for a complete plate by setting the inner radius
equal to O in any of these three cases. We are not attempting to indicate in
any exhaustive manner the full scope of the applications, but it is of some
interest to note the variety of problems that lead to terminating series for
the displacements.

In the following paragraph, we consider an ¢ncomplete plate, mainly because
we wish to paraphrase the problem (in § 15) for the case of variable thickness,
but in this example we take the pressure to be uniform in order to simplify
the computations. It may be well to have on record an example in which the
load depends upon . It is not a long piece of work to compute the following
displacements for the case of a complete plate, clamped at » = r, and
supporting a load — p»2:

. . ]) r pr (12 (?‘2 - 1‘2) hs
(1374) (]_—960("3—’4)"_4(1—.;)1)[ 3 ]
e, B=30)05—1)|., | (2—0a)rs
“{’“L 0 }h Ry cp—

T 01— (111,;5 [47*2420(1—0)h*2*+40(1—30) *2* + (3 —0)2’],
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e P 19,6 __g,4,4 8
w 516D [278— 373 ri-0%]

* Wp—a)ﬁ[m —386)(12—12)2 B2+ 50 (ry—31)2?]

(1370) T _12()——(_1~£—7)75 [20{e®12—2(1— )" 12} B%2

—3{10124 6(8 —30) (12— 202) } B2 22+ 5 (1— %) 12 ]

—_ TSO(—-‘]T{—GEW[6’1‘2’2-{'406(1—“6)}7833—* 3(1— 6)(2-30‘)’2824

+(1—0)(2+ 0)28].
The central deflection is

prs (8—3a)ph*r}
" 288D " 160(1—e)D

(138) d =

When U and w are expressed in terms of d, the coefficients, considered as
functions of » and r,, are homogeneous and of order in agreement with the
rule given at the close of § 10. If U/ and w are written in terms of p. or in

terms of the total load (W = % T prg), there is still homogeneity in » and r,,

but in such cases the order is altered throughout by one and the same
constant.t

14. Incomplete circular plate under uniform pressure with one
edge clamped and one edge free. Taking » = », as the free edge, we de-
termine the constant in equation (111) by means of the condition Ng(»,) =0
and find

(139) wii = — 5 ().
It follows that
(140) Ns (ro)## = 21;0 (13—12).

We assume that », is the inner edge; if », > r,, the parenthesis changes sign.
in agreement with the conventions of § 5.

+ See the concluding remarks of § 14.
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Integrating (139), the three constants are determined by the conditions
Gg (1) == wop (r0) = wow (10) = 0, and the final result is the following:

wn = — b5 [((1—0) (3 + 20178+ (14 30) 4} (3 —1%)
+2732 {(1+ 0)r3+ (1—0) (2124 1)} log =*

(141)
+4(1+ g)rg{rg log%——;*log%}—-S(l-!— o)r2rilog %log%:—]

+ sig [ri—r+ 83 —)n],

where the constant @ is given by

Q = (1—o)r+(1+40)22.

When we set 7, = 0, (141) reduces to (114).

For wsp, we have an equation of the form (96b), where the condition
Ng (r1) = O shows the constant must be 0. Hence we have to integrate the
equation
(142) wy = 0,

and determine the three constants by means of the conditions
Gy (ry) = wap(re) = whs(ro) = 0. Having found wep, equation (48) gives us
Usa. The results are as follows:

(8 —30)priy?

(143 @) Wop == — 50(1 — ) QD

[,%_,-z — 202 log -’f]

(r2—r)py* (8—38a) (i —r)prig?

(143b) Usa = 201 —o) Dr 10(1 — ¢) QD

For Uy, we have equation (117). The conditions Uss(70) = T4(1) = 0
give Ug = 0. It follows that w4, is given by (118).
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Substitution in. (69) gives the following displacements:

U= 16QD [(1—.;)(7 +22) 52+ (1+ 30) 14

,,2
+{140) 2+ 1 —0) 22+ 1)} 5 —(?+47)Q

s(l+a)rrt ‘

TN g a4 o rtfetos 241
1

(1440) '

-4(1—a)rgrglog’;-?]z

(8 — 30) (12 — r2) 12
Y4 2 0 1 ”
T —0) Dr [6{’2 "+ 5Q }k2

—(2—0) (P—1) z"],

w = we (as given above)
“—p_[‘l(s —30) 1} {r2 — 12— 272 log 1'l}h"
80(1 — o) QD 1) H p

—sefatorfog L +1) == o
(144b)
T+ —a) ] +2rW+u+3a)ﬂ—-(2r2+472)0} ]

— g — 8,1 3042
120(1 — o) D [40(1 20) k230 k7

_ 124(8 ——ga) rIh? e a1 —d’)z‘].

When r, = (), these formulas reduce to (119). 1f we think of r, as the inner
edge, we see that by setting r, =— O we obtain the solution for the case of
a complete plate under uniform pressure with center clamped and edge free.

In the examples of complete plates, §§ 9—13, we found the coefficients in
U and w homogeneous in » and »,; when the plate is incomplete, there is
homogeneity in 7, 7, and »,. For example, we observe in (144), where U and
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are expressed in terms of p, that the coefficient of #* is homogeneous of order
4—mnin r, 7, and 7.

The “check of dimensions” furnishes the clue to the situation in all cases.
For example, when U and w are expressed in terms of d, all coefficients of d
must clearly be of the Oth degree in length. We are thus led to the result
that the coefficient of * must be of the Oth degree in length. But being
homogeneous of order » in { and 4, this coefficient is of the nth degree in
length so far as z and 7 are concerned. It follows that the contributions made
by 7, ro and r, must total to degree — n.

The check of dimensions does not require that we write the displacements
in terms of d, or that the plate be complete, or even of constant thickness.
It is important to note that we have finally obtained a maximum amount of
information as to the manner of occurrence not only of { and 5, and « and
its derivatives, but also of », 7, and 7,. It is a particular advantage to have
this information available as an aid to the elimination of errors in computation.

15. Incomplete circular plate of variable thickness under uniform
pressure with one edge clamped and one edge free. In § 8, we con-
sidered an example of variable thickness under the radial case; it remains
to consider an example of variable thickness under the axial case.

Let us take S* = S3 # = — p, S, =0, where p is a constant pressure per
unit of surface area and is everywhere normal to the upper base z = a.
Under this assumption it is easy to anti-star equation (50); we find

re 00 , 3(1—d®)pr , K
(145)  wo' &*+3 [w{ﬁ, +GT_0] o — — "W‘PL‘ +-
To determine K, we use (62a) where N; () = 0. When this is done, we
may write our equation in the form

,,.2

w 1, 3a0, ,[30d 1 3(1—a®)p(r*—1?)
) o ] L] - S0
where a = at.

This equation resembles (82) in the respect that when
(147) ok
a r

it is of Euler’s type and readily integrated. We accordingly confine our-
selves to the case that

(148) a(r) = hi¥,
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and avoid difficulty at the center by taking the plate to be incomplete. Since
k and & are at our disposal, (148) yields a variety of interesting shapes for
the plate in question.

Substituting (148) in (146), and multiplying through by 7%, the equation to
be integrated takes the form
3(1—a®)p(rt—rd)

(149)  wos r®+ wobr® (14 3%k) +wip r 3k —1) = — LR 1352

(Applying a check of dimensions, we observe that both p and A® are of order ¢5,
and the right-hand member is of order ¢° as it should be.) This equation is
the analogue of (139).

To solve (149) we set v = logr. This change of independent variable gives
us an equation with constant coefficients, and the homogeneous equation
associated therewith has the characteristic equation

(150) m[m*+ (3k—2)m—3k(1—e)] = 0.

Here the quadratic factor has the discriminant A = (8k—2)*+4 12k (1—o),
which vanishes when & = 2(o¢+V ¢*—1). But since o<1, this value of k
is never real. Thus we see that in any physical problem A will be positive,
and equation (150) will have in general three distinctt real roots; we denote
these by

(151) Oy My, Me.

When we add to the solution of the homogeneous equation the particular
integral} of the non-homogeneous equation, we find the complete solution
of (149) to be the following:

+ The only exception is when k = 0.
t The particular integral is found by the well known methods of Murray, Introductory
Course in Differential Equations, § 70, p. 89. We exclude from the text the exceptional

values h =0, k=3, k= 4, k= The case k = 0 is disposed of in

3(3—0)-°
§ 14; by the methods of Murray, p. 90, the remaining special values of k lead respectively

to the following particular integrals:

L — 3 — 3—1) — 2 ¢ 2 .
’" - 3 . 16Eh3 [(l 6)’ +3(1+”)71108r]~
2
_ 4, i@.ﬂz[ _’1].
k=3 —smm |2ler+ )
§ 8 3(140) (83— 0)?p [ml—v)/w—w log ﬁf‘“‘*‘”""“”]
= 36—0 32ER 5—8a T T e(+9)

28
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woy = Kyr™+ Kyr™+ Ky
(152)
30— s v
4 ER® 2(4—3k)?*—3k(1—o)(4—3k) 3k(1—a)(2 3k) ¥

The three constants are determined by means of the boundary conditions
Gs (r1) = wos (ro) = wos (r0) = 0. The result is

wop = — K, (rMm—ym™)—K, (rm—rm™)
(153) ‘
3(1—d")p [ i —yg o 7 (i —p-t}
T 4ER 120—3k)"—3k(1—a)(4—3k) ' 3k(1—o0)(@—3k) [
where
3(1—e A B
R Rl

and the auxiliary constants are given by

= ” PR S P
T 124 —38k)—3k(1 — o) 3k(1—oa)] ° '

. 3k—3—¢ 3k—1— -
B = [2(4—3k)—3k(1——a) + 3k(1 —o) ]’4

Q = (mg—1+0) riw 1 — (my — 1+ 0) 7T 1™,

We have found the leading term in the axial displacement, and we readily
compute the leading term in the radial displacement. As in § 8, we find, when
we proceed to the determination of further unknowns, that the differential
equations are of the same type as the one just considered and hence readily
integrable. The only difficulties involved are apparently in the nature of
disagreeable computation.

16. Critique of method. In the case of plates of constant thickness,
we have seen that the method of series leaves nothing to be desired with
reference to rigor; in the examples of physical interest, the series for the
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displacements terminate, and when the parameter ¢ is suppressed, the formulas
satisfy the equations of equilibrium identically. Furthermore, we have observed
that when the central deflection is prescribed, the displacements are given by
infinite series which meet the requirements both of convergence and differen-
tiability.

When the thickness is variable, the formal series in ¢ for the displacements
become complicated, and as yet the author has not found opportunity to
examine in any detail the convergence of these more involved developments.
In the nature of the method, if we suppress the parameter ¢ in the series
ordered according to degree of homogeneity in z and A, these series are
such that, when differentiated formally and substituted in the equations of
equilibrium, terms of like degree annul each other; that is, the equations of
equilibrium are satisfied in the usual formal sense.

Furthermore, there is a sense in which the formal series for the displacements
yield approximate solutions. If we break off the series and discard terms of
order higher than ¢?*+! we obtain formulas of displacement which correspond
to a total surplus body force per unit of volume of order ¢** and a total surplus
surface traction per unit of area of order #%+!. Thus the truncated series
correspond to a total surplus applied force of order #2*, whereas the total given
applied force is at most of order ¢3, that is, of the order of the cube of the
ratio of the thickness of the plate to its diameter. If % is large and the ratio
of thickness to diameter is small, it seems probable that when the surplus
applied forces are removed, no sensible change occurs in the displacements,
and that we have a physical solution of our problem. It would be of interest
to check this conjecture by comparison of the potential energv in the actual
and approximate solution.

We note that the present paper is concerned with the restricted theory
of strain;t that is, we have suppressed the squares and products of the
derivatives of U and « in writing the expressions (16) for the components of
strain. Recall also that our results hold only for plates slightly bent, and
that we have assumed a homogeneous and isotropic material.

Our assumption of developability in the “neighborhood of the middle plane™
does not permit the satisfaction of the most general type of boundary con-
dition at a surface » = const. But if the applied tractions are distributed in
the manner we have specified, our solutions are exact; *if they are distributed
otherwise (Love, p. 480), without ceasing to be equivalent to resultants of the
types T, N, G, the solution represents the state of the plate with sufficient
approximation at all points which are not close to the edge”.

In the usual theory, exact solutions of the more involved problems in

t Cf. Love, p. 57. on the general theory of strain.
28"
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circular plates (of constant thickness) are arrived at by arbitrary synthesis,
through superposition, of several solutions of simpler type, the latter being
obtained by methods which are not without complication. It appears that
the method of series, when applied to plates of constant thickness, involves
a minimum amount of computation and thus commends itself for the simplicity
and directness of its underlying motif.

The method of series is applicable to a variety of one- and two-dimensional
problems,t with thickness either uniform or variable, and its usefulness may
extend to hydrodynamics, electricity, and electro-magnetism. In the problem
of the circular plate we have been led to total differential equations. In
general, there are partial differential equations to be dealt with, but this
increase in complexity lies in the nature of the problem itself.

The method affords a solution of a problem which has interested elasticians
since Poisson and Cauchy.

HARVARD UNIVERSITY,
CAMBRIDGE, MASS.
January, 1923.

+ The author has prepared a paper on Rods of constant or variable circular cross
section. The method of series is immediately adaptable, and applications are made to the
uniformly tapering rod, to a bulging rod, and to the right circular cylinder. This paper
will appear in the American Journal of Mathematics.

As the page proof of the present paper leaves my hands I am applying the method of
series to rectangular plates. In a number of cases of constant thickness the partial dif-
ferential equations are tractable, and it is possible to obtain exact solutions; in such cases
the problem of the thick plate or beam is completely solved. If we set z = 0 in the exact
solution, there remain: i) the leading term, independeut of z and & (the solution of the
approximate theory), and ii) certain terms, involving &, not accounted for in the approximate
theory. So far as I am aware, the only contribution to the problem of the thick rectangular
plate is M. Mesnager's solution for the case of supported edges and central or uniform
pressure (Comptes Rendus, vol. 164, 1917, p. 721 and vol. 165, 1917, p. 551).



